Abstract. Cohn-Conway-Elkies- Kumar [Experiment. Math. (2007)] described that one can construct a family of designs on S 2n−1 from a design on CP n−1 . In this paper, we prove their claim for the case where n = 2. That is, we give an algorithm to construct 2t-designs on S 3 as products through a Hopf map S 3 → S 2 of a t-design on S 2 and a 2t-design on S 1 .
Introduction
The purpose of this paper is to give an algorithm to make a spherical 2t-design X on S 3 with |X| = (2t+1)|Y | from a given spherical t-design Y on S 2 . We write S d for the unit sphere in the (d + 1)-dimensional Euclidean space R d+1 . The concept of spherical designs on S d were introduced by Delsarte-Goethals-Seidel [9] in 1977 as follows: For a fixed t ∈ N, a finite subset X of S d is called a (spherical) t-design on S d if
for any polynomial f of degree at most t. Note that the left hand side and the right hand side in (1.1) are the averaging values of f on X and that on S d , respectively. (see Definition 2.1 for more details). The development of spherical designs until 2009 can be found in BannaiBannai [3] .
Cohn-Conway-Elkies-Kumar [8] described that one can construct a family of designs on S 2n−1 from a design on CP n−1 . In this paper, we prove their claim for the case n = 2. Recall that CP 1 ≃ S 2 , and therefore the main result of this paper is an algorithm to construct spherical designs on S 3 from designs on S 2 .
Let us denote by π : S 3 → S 2 a Hopf map. Then (S 3 , S 2 , π) is a principal S 1 -bundle. In particular, for each y ∈ S 2 , the fiber π −1 (y) is isomorphic to S 1 (see Section 2 for more details). The following theorem is our main result of this paper: is a 2t-design [resp. (2t + 1)-design] on S 3 with |X| = y∈Y |Γ y |.
One of important problems of spherical designs is to give an algorithm to construct t-designs on S d explicitly. It should be emphasized that Theorem 1.1 constructs a 2t-design [resp. (2t + 1)-design] on S explicitly from a given t-design Y on S 2 and the regular (2t + 1)-gon [resp. 2(t + 1)-gon] on S 1 . Recall that spherical t-designs Y on S 2 can be constructed as follows: Kuperberg [11] showed that an interval t-design on the open interval (−1, 1) with respect to the constant weight can be constructed from the roots of a certain polynomial of degree ⌊t/2⌋. For an interval t-design {ξ 1 , . . . , ξ M } ⊂ (−1, 1) with respect to the constant weight, by taking Y i the regular (t + 1)-gon on the circle
. This technique was pointed out by Rebau-Bajnok [13] and Wagner [16] (see [3, Section 2.7] for more details). By combining this and our theorem, we have an algebraic construction of t-designs on S 3 for each t. We also remark that the idea of Theorem 1.1 is similar to the technique to construct spherical designs from interval designs described above and a technique by Ito [10, Section 8] to construct designs on finite group G from designs on a G-homogeneous space Γ.
Let us denote by N S d (t) the smallest cardinality of a t-design on S d . By Theorem 1.1, we have the following inequalities:
In particular, recall that Chen-Frommer-Lang [7] constructed t-designs on S 2 with (t + 1) 2 nodes for each t ≤ 100. Thus, by Theorem 1.1, we also obtain
2 and N S 3 (2t + 1) ≤ 2(t + 1)
By Bondarenko-Radchenko-Viazovska's recent great results [5, 6] , the asymptotic bound (conjectured by Korevaar-Meyer [12] 
holds for any d ≥ 1. Our bounds (1.2) give a precise estimation of N S 3 (t) for t ≤ 100. This paper is organized as follows. In Section 2, we set up notation and state our main theorems. In Section 3, as a preliminary, we give a definition of designs on a general measure space and show abstract propositions in order to prove our main theorems. Main results described in Section 2 will be proved in Section 4 by using propositions in Section 3.
Main results
We fix terminology for spherical designs as follows. Let us denote by S d the unit sphere in the (d + 1)-dimensional Euclidean space R d+1 , and denote by µ S d the spherical measure on
For each t ∈ N, we write
Any element in P t (R d+1 ) can be regarded as a C-valued function on R d+1 . We put
We define spherical t-designs on S d as follows:
Remark 2.2. In Definition 2.1, we can replace polynomials over C to that over R. In fact, the original definition of spherical designs in Delsarte-Goethals-Seidel [9] considered polynomials over R. In this paper, we discuss over C since monomials on S 3 ⊂ C 2 ≃ R 4 over C can be written easily then that over R.
Throughout this paper, let us denote by
We fix a Hopf map as follows:
Let us put
defines a right action of S 1 on S 3 with respect to the usual group structure on S 1 . The Hopf map π : S 3 → S 2 is a principal S 1 -bundle with respect to the right S 1 -action. In particular, S 1 acts simplytransitively on each fiber π −1 (y) for y ∈ S 2 . A summary of the Hopf map S 3 → S 2 can be found in [15, Part II, §20]. Here is our main theorem, which will be proved in Section 4.2:
For each y ∈ Y , we fix a base point s y on the fiber π −1 (y), and take a 2t-design Γ y ⊂ S 1 . Then the finite subset
We note that X(Y, s, Γ) depends on the choice of the map [2] for the definition of non-rigid spherical t-designs). In particular, we can not expect that X(Y, s, Γ) is a tight 2t-design on S 3 .
Example 2.4 (Example of Main theorem 2.3). An antipodal subset
and a regular 3-gon
Let us fix a base point s y of π −1 (y) for each y ∈ Y as follows:
Then, by Theorem 2.3, the finite subset
is a 2-design on S 3 with |X| = 6. Such X can be written by
Key ideas for designs on measure spaces
In this section, we define designs on a general measure space and show some propositions for them. Main theorem 2.3 of this paper will be proved by using propositions in this section.
3.1. Designs on a general measure space. Let (Ω, µ) be a general finite measure space. We define (weighted) designs for a vector space consisted of L 1 -integrable functions on (Ω, µ) as follows:
then X is said to be an H-design on (Ω, µ) with respect to the constant λ.
Let us consider the cases where any constant function on Ω is in H. Then for any weighted H-design (X, λ) on (Ω, µ), we have x∈X λ(x) = µ(Ω). In particular, if X is an H-design on (Ω, µ) with respect to a positive constant λ, then λ = µ(Ω)/|X|. We give two easy observations for designs on (Ω, µ) as follows:
Observation 3.4.
•
• Let λ be a positive constant and X, X ′ are both H-designs on (Ω, µ) with respect to λ.
We say that the function f satisfies the property (F ) if the following holds:
• For each ω ∈ Ω 2 , the restriction
is also an L 1 -integrable function on Ω 2 with
Remark 3.5. The property (F ) for a function f means that we can apply "Fubini's theorem" for f .
Let us take a finite-dimensional vector space H consisted of L 1 -integrable functions on Ω with the property (F ). Then,
are also finite-dimensional vector spaces consisted of L 1 -integrable functions.
) and π : S 3 → S 2 the Hopf map. For each y ∈ S 2 , we put the S 1 -invariant probability measure µ y on the fiber π −1 (y). In Section 4.2, we will prove that any L 1 -integrable function on Ω 1 = S 3 satisfies the property (F ), and
for each t (see Lemma 4.2 and Lemma 4.3 for more details).
Let Y be a finite subset of Ω 2 and λ Y a positive function on Y . For each y ∈ Y , we take a finite subset Γ y of π −1 (y) and a positive function λ Γy on Γ y . We denote by 
Then the next proposition holds:
The proof of Proposition 3.7 is given in the next subsection. The next corollary, which will be used in the proof of Theorem 2.3 (see Section 4.2), follows from Proposition 3.7 immediately. 
Proofs of key propositions.
By the definition of weighted designs, the proof of Proposition 3.7 is reduced to the showing the next lemma:
for the notation of X(Y, Γ)).
Lemma 3.9 claims that if we have weighted designs on Ω 2 and that on some fibers, then we have an weighted design on Ω 1 .
Proof of Lemma
This completes the proof.
Proof of Main result
In this section, we prove Theorem 2.3 by using the results in Section 3.2.
Local trivializations of the Hopf map.
In this subsection, we recall local trivializations of the Hopf map π :
Let us take an open covering
Then we have local trivializations of the S 1 -bundle π : S 3 → S 2 as
In particular, for each y = (ξ, η) ∈ U + , the fiber π −1 (y) can be written by
Similarly, for each y ∈ (ξ, η) ∈ U − , we have
Remark 4.1. In Theorem 2.3, we need to take a base point s y on π −1 (y) for a given y ∈ S 2 . By using the explicit form of π −1 (y) above, one can choose s y explicitly.
Proof of Theorem
be the Hopf map defined in Section 2. For simplicity, we fix a base point s y on a fiber π −1 (y) for each y ∈ S 2 . Note that we do not assume that the map s : S 2 → S 3 with s • π = id S 2 is continuous (in fact, such a continuous map does not exist). Then we have an isomorphism
For each y ∈ S 2 , we consider the induced measure µ 
(see Section 3.2 for the definition of I π ).
One can observe that Theorem 2.3 follows from Corollary 3.8, Lemma 4.2 and Lemma 4.3.
Proof of Lemma 4.2. Let us denote by
Then the volume forms corresponding to the normalized measures µ
We put
Then the isomorphism between U + × S 1 and π −1 (U + ) given in Section 4.1 can be written by
Under this isomorphism, we have
Thus,
Therefore, we can apply Fubini's theorem for
One can observe that µ
Proof of Lemma 4.3. First, we shall prove that
Let us fix any n ≤ t and denote by
We also denote by the same letter f i,j,k,l the restricted function on S 3 of the monomial f i,j,k,l (a, a, b, b). By Lemma 4.2, the function f i,j,k,l on S 3 satisfies the property (F ). To prove (4.3) and (4.4), it suffices to show that:
• For each y ∈ S 2 , the function ι *
For each y = (ξ, η) ∈ S 2 , by the explicit formula (4.1) and (4.2) of the fiber π −1 (y) given in Section 4.1, there exists a constant c i,j,k,l (y) ∈ C such that
Thus, ι * y (f i,j,k,l | π −1 (y) ) is a monomial on S 1 of degree |i − j − k + l|. Furthermore, for each y ∈ S 2 , we have
Therefore, let us consider the cases where n = i + j + k + l = 2m is even and i + l = j + k = m. For each y = (ξ, η) ∈ S 2 , by (4.1), (4.2) and |η| 2 = (1 − ξ)(1 + ξ), we have I π f i,j,k,l (y) = c i,j,k,l (y) Hence, we have I π f i,j,k,l ∈ P m (S 2 ) = P n/2 (S 2 ). Since µ ′ y (π −1 (y)) = 1, we have that I π • π * is identity on P ⌊t/2⌋ (S 2 ). Therefore, to complete the proof of our claim, we only need to show that π * P ⌊t/2⌋ (S 2 ) ⊂ P t (S 3 ). Let us take a monomial h i,j,k (ξ, η, η) := ξ i η j η l on R 3 ≃ R × C of degree i + j + k = n ≤ ⌊t/2⌋. We also denote by the same letter h i,j,k the restricted function on S 2 of the monomial h i,j,k (ξ, η, η). Our goal is to show that π * h i,j,k ∈ P 2n (S 3 ).
The function π * h i,j,k on S 3 can be written by (π * h i,j,k )(a, b) = h i,j,k (π(a, b))
Hence, we have π * h i,j,k ∈ P 2n (S 3 ). This completes the proof.
Concluding remarks
It is well known that S 3 admits a compact Lie group structure (such a compact Lie group is called SU (2)) and for a maximal torus S 1 of
